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Abstract
Investigations of monogenity and power integral bases were recently extended from the
absolute case (over Q) to the relative case (over algebraic number fields). Formerly, in
the relative case we only succeeded to calculate generators of power integral bases when
the ground field is an imaginary quadratic field. This is the first case when we consider
monogenity in the more difficult case, in extensions of real quadratic fields. We give
efficient algorithms for calculating generators of power integral bases in cubic and quartic
extensions of real quadratic fields, more exactly in composites of cubic and quartic fields
with real quadratic fields. In case the quartic field is totally complex, we present an
especially simple algorithm.
We illustrate our method with two detailed examples.
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1 Introduction
Let K be an algebraic number field with ring of integers ZK . This field is monogenic if ZK is a
simple ring extension of Z, that is ZK = Z[ϑ] with some ϑ ∈ ZK . In this case {1, ϑ, . . . , ϑn−1}
is an integral basis of K, called power integral basis. Monogenity of number fields and the
calculation of generators of power integral bases is a classical topic of algebraic number theory.
In several cases, even in higher degree fields there are methods to exclude monogenity of
the field, cf. [14], [26], [21], [22]. If these methods are applicable, then they are very easy to
use.
It is much more complicated to explicitly calculate the generators of power integral bases
c.f. [11]. We have efficient algorithms for cubic and quartic number fields, [24], [16], general
but less efficient methods for quintic and sextic fields [13], [2]. We only have partial results for
higher degree fields [8], [18], [9].
We also considered monogenity and power integral bases in the relative case [10], [18], [25],
[23], [6]. The element ϑ generates a relative power integral basis of K over the subfield M if
ZK = ZM [ϑ] with some ϑ ∈ ZK . Until now we only succeeded to consider number fields and
parametric families of number fields that are relative extensions of imaginary quadratic fields.
In this paper we extend these results to the case when the ground field is a real quadratic
number field.
We present efficient algorithms for determining generators of power integral bases in sextic
and octic fields that are composites of real quadratic fields with cubic and quartic fields, re-
spectively. The algorithm reduces the problem to solving relative Thue equations and finding
roots of polynomials. In the octic case, if the quartic field involved is totally complex, then we
considerably simplify the calculation.
We illustrate our method with two detailed examples.
2 Preliminaries
Herewith we recall some results of [23] that we shall use in the following.
LetM be an algebraic number field of degree m and K an extension ofM with [K : M ] = k,
with rings of integers ZM and ZK , respectively. We have [K : Q] = k · m. We assume that
there exist a relative integral basis of ZK over ZM . (As we shall see the existence of a power
integral basis of ZK implies the existence of a relative power integral basis.)
Denote by DK and DM the discriminants of K andM , respectively. The index of a primitive
element α of ZK is
I(α) = (Z+K : Z[α]
+) =
√∣∣∣∣D(α)DK
∣∣∣∣, (1)
and we also have
I(α) = (Z+K : ZM [α]
+) · (ZM [α]+ : Z[α]+), (2)
where the indices of the additive groups of the corresponding rings are calculated. The first
2
factor is the relative index of α:
IK/M(α) = (Z
+
K : ZM [α]
+).
Denote by DK/M the relative discriminant of K over M . As it is well known
DK = NM/Q(DK/M) ·D[K:M ]M . (3)
Denote by γ(i) the conjugates of any γ ∈ M (i = 1, . . . , m). Let δ(i,j) be the images of any
δ ∈ K under the automorphisms of K leaving the conjugate field M (i) element-wise fixed
(j = 1, . . . , k). Then for any primitive element α ∈ ZK we have
IK/M(α) =
√|NM/Q(DK/M(α))|√|NM/Q(DK/M)| =
1√|NM/Q(DK/M)| ·
m∏
i=1
∏
1≤j1<j2≤k
∣∣α(i,j1) − α(i,j2)∣∣ . (4)
Further, by (1), (2), (3) and (4) we have
J(α) = (ZM [α]
+ : Z[α]+) =
1√|DM | [K:M ] ·
∏
1≤i1<i2≤m
k∏
j1=1
k∏
j2=1
∣∣α(i1,j1) − α(i2,j2)∣∣ . (5)
Equation (2) implies that a primitive element α ∈ ZK generates a power integral basis of ZK ,
if and only if
IK/M(α) = 1, and J(α) = (ZM [α]
+ : Z[α]+) = 1. (6)
Therefore if α generates a power integral basis of ZK , then it generates a relative power integral
basis of ZK over M .
It is well known that generators or relative power integral bases are determined up equiv-
alence, that is up to multiplication by a unit in M and up to translation by element of ZM .
More exactly, if α generates a power integral basis of ZK , then
α = A+ ε · α0,
where α0 is a generator of a relative power integral basis of ZK over M , ε is a unit in M and
A ∈ ZM .
Summarizing, in order to determine all generators of power integral bases of ZK we have to
determine up to equivalence all generators α0 ∈ ZK of relative power integral bases of ZK over
M . Then for each α0 we can use J(α) = 1 to determine the unit ε ∈ M and A ∈ ZM so that
I(α) = 1 be satisfied.
Let {b1 = 1, b2, . . . , bm} be an integral basis of M . Then the above A can be represented
in the form A = a1 + a2b2 + . . . + ambm. The index of α is independent from a1, hence, using
J(α) = 1, an equation of degree k2m(m − 1)/2, we have to determine ε and a2, . . . , ak. This
task can became very complicated. However if M is an imaginary quadratic field, then there
are only finitely many units ε in M and we get a polynomial equation in one variable a2. This
is what we have used in some of our recent results e.g. [20]. In the present paper we consider
the more difficult case when M is a real quadratic field in which case we have two unknowns,
ε and a2. We can overcome this difficulty, if J(α) = 1 factorizes into two factors, to obtain two
equations instead of just one.
3
3 Factors of index forms of composite fields
Let L and M be number fields of degree ℓ = [L : Q] and m = [M : Q], respectively. Let K be
the composite of L and M , that is K = LM . Denote by ZK ,ZL,ZM the rings of integers of
K,L,M , respectively. Assume [K : Q] = ℓ ·m. Denote by ϑL, ϑM generator elements of L,M ,
respectively. For any ϑ ∈ K denote by ϑ(i,j) the conjugate of ϑ corresponding to the conjugates
ϑ
(i)
M and ϑ
(j)
L , for 1 ≤ i ≤ m and 1 ≤ j ≤ ℓ.
For any primitive element α ∈ ZK we have
I(α) = IK/M(α)JM(α) (7)
where
IK/M(α) =
1√|NM/Q(DK/M)| ·
m∏
i=1
∏
1≤j1<j2≤ℓ
∣∣α(i,j1) − α(i,j2)∣∣ . (8)
and
JM(α) =
1√|DM |[K:M ] ·
∏
1≤i1<i2≤m
ℓ∏
j1=1
ℓ∏
j2=1
∣∣α(i1,j1) − α(i2,j2)∣∣ . (9)
On the other hand
I(α) = IK/L(α)JL(α) (10)
where
IK/L(α) =
1√|NL/Q(DK/L)| ·
ℓ∏
j=1
∏
1≤i1<i2≤m
∣∣α(i1,j) − α(i2,j)∣∣ . (11)
and
JL(α) =
1√|DL|[K:L] ·
∏
1≤j1<j2≤ℓ
m∏
i1=1
m∏
i2=1
∣∣α(i1,j1) − α(i2,j2)∣∣ . (12)
Further, set
DL,M =
DK
NM/Q(DK/M) ·NL/Q(DK/L)
and
JL,M(α) =
1√|DL,M |
∏
(i1,j1,i2,j2)∈H
∣∣α(i1,j1) − α(i2,j2)∣∣ (13)
where H = {(i1, j1, i2, j2) | 1 ≤ i1 < i2 ≤ m, 1 ≤ j1, j2 ≤ ℓ, j1 6= j2}.
Obviously we have
Lemma 1
I(α) = IK/M(α) · IK/L(α) · JL,M(α).
Corollary 2 If
I(α) = 1,
then
IK/M(α) = 1, IK/L(α) = 1, JL,M(α) = 1.
4
Proof of Corollary 2. If I(α) = 1, then by (6) we have IK/M(α) = 1 and IK/L(α) = 1 which
implies by Lemma 1 that
JL,M(α) =
I(α)
IK/M(α) · IK/L(α) = 1.
.
To the indices and relative indices there correspond index forms and relative index forms.
Let {b1 = 1, b2, . . . , bℓ} be linearly independent element of ZL, let {f1 = 1, f2, . . . , fm} be
linearly independent element of ZM . Then any α ∈ ZK can be written in the form
α =
1
d
m∑
r=1
ℓ∑
s=1
xrsbrfs, (14)
where xrs ∈ Z, (1 ≤ r ≤ m, 1 ≤ s ≤ ℓ) and 0 6= d ∈ Z is a common denominator. Then
α(i,j) =
1
d
m∑
r=1
ℓ∑
s=1
xrsb
(i)
r f
(j)
s
for 1 ≤ i ≤ m, 1 ≤ j ≤ ℓ. Keeping the xrs as variables and calculating the indices and
relative indices with this representation we obtain polynomials in xrs. For brevity set x =
(x11, . . . , x1ℓ, . . . , xm1, . . . , xmℓ). Define I(x), IK/M(x), IK/L(x) and JL,M(x) by
I(α) =
1
dmℓ(mℓ−1)/2
· I(x),
IK/M(α) =
1
dmℓ(ℓ−1)/2
· IK/M(x),
IK/L(α) =
1
dmℓ(m−1)/2
· IK/L(x),
JL,M(α) =
1
d(m2ℓ2−m2ℓ−mℓ2+mℓ)/2
· JL,M(x).
It is known that I(x), IK/M(x) and IK/L(x) have integer coefficients as polynomials in x11, . . . , x1ℓ,
. . ., xm1, . . . , xmℓ.
This factorization of the index form is what we shall utilize. We consider composites of
cubic and quartic fields with real quadratic fields. If we can determine the elements of relative
index 1 over M , then we have two more equations to calculate the two unknowns ε and a2 (c.f.
end of Section 2), to determine the elements of absolute index 1.
4 Composites of cubic fields with real quadratic fields
Let M be a real quadratic number field with integral basis {1, ω} and fundamental unit ε > 1.
Let L = Q(ξ) be a cubic number field, with a generator element ξ ∈ ZL. In this case the
representation (14) is written for simplicity in the form
α =
x0 + x1ξ + x2ξ
2 + y0ω + y1ωξ + y2ωξ
2
d
, (15)
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where xi, yi ∈ Z (0 ≤ i ≤ 2) and 0 < d ∈ Z is a common denominator. For 1 ≤ i ≤ 2,
1 ≤ j1 < j2 ≤ 3 we have
α(i,j1) − α(i,j2) = 1
d
(ξ(j1) − ξ(j2)) [(x1 + ω(i)y1) + (ξ(j1) + ξ(j2))(x2 + ω(i)y2)] .
Let a ∈ Z denote the coefficient of the quadratic term in the cubic minimal polynomial of ξ.
Then
IK/M(α) =
1
d6
· 1√|NM/Q(DK/M)| ·
2∏
i=1
∏
1≤j1<j2≤3
∣∣α(i,j1) − α(i,j2)∣∣ =
1
d6
· |D(ξ)|√|NM/Q(DK/M)| |NM/Q
(
NK/M(X − (a+ ξ)Y )
) |, (16)
with integer variables X = x1 + ωy1, Y = x2 + ωy2 in M . If α generates a power integral basis
in K, then by Corollary 2 we have IK/M(α) = 1. In view of (16) this gives rise to a relative
Thue equation:
NM/Q
(
NK/M(X − (a+ ξ)Y )
)
= ±m0 (17)
with
m0 =
d6
√|NM/Q(DK/M)|
|D(ξ)|
which is an integer, since the norm of an algebraic integer is on the left side.
There is an efficient algorithm to calculate solutions of relative Thue equations, see [19],
[11]. The procedure involves the application of Baker’s method, reduction algorithms and
enumeration of small exponents. Note that there is also a fast algorithm [12] for calculating
the "small" solutions (of size, say < 10200) of relative Thue equations.
Equation (17) enables us to determine the solutions X, Y ∈ ZM up to a unit factor, that is
to determine all possible X0, Y0 ∈ ZM such that
X = x1 + ωy1 = ±εhX0, Y = x2 + ωy2 = ±εhY0 (18)
with some h ∈ Z. Therefore we obtain
x1 = ±ε
hωX0 − εhωX0
ω − ω ,
y1 = ±ε
hX0 − εhX0
ω − ω , (19)
x2 = ±ε
hωY0 − εhωY0
ω − ω ,
y2 = ±ε
hY0 − εhY0
ω − ω ,
where overline denotes the conjugate of an element of M . We set e = εh. Then εh = ±e−1 the
sign depending on the norm of ε.
We have two additional equations:
IK/L(α) = 1, JL,M(α) = 1,
6
whence
IK/L(x) = IK/L(x1, x2, y0, y1, y2) = d
3, JL,M(x) = JL,M(x1, x2, y0, y1, y2) = d
6.
If we substitute the expressions (19) of x1, y1, x2, y2 into these equations, and multiply them by
e3 and e6, respectively, then we obtain polynomial equations in e, y0:
F2(e, y0) = 0, F3(e, y0) = 0. (20)
Here F2 is of degree 6 in e and of degree 3 in y0, F3 is of degree 12 in e and of degree 6 in y0.
Let F4(y0) be the resultant of F2 and F3 with respect to e. This is a polynomial equation in y0
with rational coefficients, of degree 72. It is easy to find the integer roots y0 of F4(y0) = 0. For
a given y0 we calculate the real roots of
F2(e, y0) = 0
in e and for all real roots e = γ we check if
ln(|γ|)
ln ε
is an integer. If so, then this value is a candidate for h. We obtain x1, y1, x2, y2 from (19). We
have to check if α of (15) is an algebraic integer with some x0 ∈ Z and if it has I(α) = 1.
5 Example 1
Let M = Q(
√
19) with fundamental unit ε = 170 + 39
√
19. We set ω =
√
19. Let L = Q(ξ)
where ξ has minimal polynomial x3 − 3x + 17. The composite field K = LM = Q(ξ,√19) is
generated by ϑ = ξ
√
19 with minimal polynomial x6 − 114x4 + 3249x2 − 1982251. Considering
the integral basis of K we may represent all α ∈ ZK in the from
α =
x0 + x1ξ + x2ξ
2 + y0ω + y1ωξ + y2ωξ
2
19
(21)
with xi, yi ∈ Z (0 ≤ i ≤ 2). Our purpose is to determine all α ∈ ZK having index 1, that is,
generating a power integral basis.
We have
DM = 4 · 19, DL = −34 · 5 · 19, DK = 26 · 38 · 52 · 193.
By
DK = NM/Q(DK/M) ·D3M , DK = NL/Q(DK/L) ·D2L
we obtain
NM/Q(DK/M) = 3
8 · 52, NL/Q(DK/L) = 26 · 19.
The relative Thue equation (17) has the form
NM/Q(NK/M(X − ξY )) = ±195. (22)
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Up to associates there are three elements of norm ±195 in ZK :
γ1 = ω + ωξ, γ2 = 2ω − ωξ, γ3 = −77ω + 28ωξ − 9ωξ
2
19
.
The fundamental units of K are
η1 = ε, η2 = −6 + 3ξ − ξ2
and
η3 = 138357− 88194ξ − 45680ξ2 + 603932
19
ω − 384865
19
ωξ − 198967
19
ωξ2.
Since (22) determines X, Y up to a unit factor in M , hence solving the relative Thue equation
(22) we represent β = X − ξY using the relative units of K over M and including the torsion
units in γ (see [19], [11]) as
β = γηa22 η
a3
3
where γ = γi with one of i = 1, 2, 3 (the calculation must be performed for all possible i) and
the exponents a2, a3 are integers. Using Baker’s method we obtain
A = max(|a2|, |a3|) < 1029
which bound is reduced to A < 10. For all possible values of a2, a3 we calculated γη
a2
2 η
a3
3 .
Taking conjugates of the equation
(x1 + ωy1)− ξ(x2 + ωy2) = γηa22 ηa33
we obtain a system of linear equations in x1, y1, x2, y2 which enables us to calculate the solutions
corresponding to γ, a2, a3. (The resolution of this system of linear equations can be replaced by
calculating the representation (21) of the product on the right hand side using integer arithmetic
and checking if it can be written in the form of the left hand side.)
In our example up to sign the only solutions are
(x10, y10, x20, y20) = (0, 1, 0,−1), (0, 2, 0, 1).
Set X0 = x10 + ωy10, Y0 = x20 + ωy20. Then all solutions are of the form (18).
We consider
IK/L(α) = 1, JL,M(α) = 1,
that is
IK/L(x) = IK/L(x1, x2, y0, y1, y2, ) = 19
3, JL,M(x) = JL,M(x1, x2, y0, y1, y2) = 19
6.
The first of these equations is simple:
NL/Q(y0 + y1ξ + y2ξ
2) = ±192
(we can extract 19 from IK/L(x)). We set e = ε
h, substitute the representation (19) of
x1, y1, x2, y2 into the above equations and multiply them by e
3 and e6, respectively. Then
8
we obtain polynomial equations F2(y0, e) = 0 and F3(y0, e) = 0. Calculating the resolvent of
the above two equations with respect to e we get a polynomial equation F4(y0) = 0 of degree
72 in y0. Finding the possible y0, calculating the corresponding e from F2(y0, e) = 0 and calcu-
lating x1, y1, x2, y2, we obtain, that up to equivalence the only generator of power integral basis
in K is
α =
2ω + ξω − ξ2ω
19
.
6 Composites of quartic fields with real quadratic fields
Let M be a real quadratic number field with integral basis {1, ω} and fundamental unit ε > 1.
Let L = Q(ξ) be a quartic number field, with a generator element ξ ∈ ZL. In this case the
representation (14) is written for simplicity in the form
α =
x0 + x1ξ + x2ξ
2 + x3ξ
3 + y0ω + y1ωξ + y2ωξ
2 + y3ωξ
3
d
, (23)
where xi, yi ∈ Z (0 ≤ i ≤ 3) and d ∈ Z is a common denominator.
According to [18] (see also [11]) the calculation of α ∈ ZK with
IK/M(α) = 1
can be reduced to the resolution of certain cubic and quartic relative Thue equations. We write
(23) in the form
α =
X0 +X1ξ +X2ξ
2 +X3ξ
3
d
, (24)
with Xi = xi + ωyi ∈ ZM , (0 ≤ i ≤ 3).
Assume ξ has relative minimal polynomial f(x) = x4 + a1x
3 + a2x
2 + a3x + a4 ∈ ZM [x].
(Note that in our case this is just the absolute minimal polynomial of ξ, i.e. f(x) ∈ Z[x].) Let
i0 = IK/M(ξ) = (Z
+
K : ZM [ξ]
+), let
F (u, v) = u3 − a2u2v + (a1a3 − 4a4)uv2 + (4a2a4 − a23 − a21a4)v3
be a binary cubic form and let
Q1(x1, x2, x3) = x
2
1 − x1x2a1 + x22a2 + x1x3(a21 − 2a2) + x2x3(a3 − a1a2) + x23(−a1a3 + a22 + a4),
Q2(x1, x2, x3) = x
2
2 − x1x3 − a1x2x3 + x23a2,
be ternary quadratic forms.
Lemma 3 ([18]) If α of the form (24) satisfies
IK/M(α) = 1,
then there is a solution (U, V ) ∈ ZM of
NM/Q(F (U, V )) = ±d
12
i0
(25)
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such that
U = Q1(X1, X2, X3),
V = Q2(X1, X2, X3). (26)
Equation (25) is either reducible, or it is a cubic relative Thue equation over M . In either
case it allows us to determine U, V up to a unit factor in M :
U = εh0 · U0, V = εh0 · V0 (27)
where the finitely many candidates for U0, V0 ∈ ZM can be calculated. We set h0 = 2 · h + r0
with h ∈ Z, r0 ∈ {0, 1}, further let Xi0 = ε−hXi (1 ≤ i ≤ 3). Then (26) implies
U0ε
r0 = Q1(X10, X20, X30),
V0ε
r0 = Q2(X10, X20, X30), (28)
where the possible values of U0ε
r0, V0ε
r0 are known.
Following the arguments of [18] (see also [11]), some common multiples of X10, X20, X30,
say δX10, δX20, δX30 can be represented as quadratic forms in certain parameters P,Q ∈ ZM ,
where the common factor δ may only take finitely many values:
δX10 = f1(P,Q), δX20 = f2(P,Q), δX30 = f3(P,Q). (29)
Substituting these representations of δX10, δX20, δX30 into (28) we obtain homogeneous quartic
equations in P,Q:
F1(P,Q) = δ
2 U0 ε
r0, F2(P,Q) = δ
2 V0 ε
r0. (30)
According to [18] (see also [11]) at least one of these equations is a quartic relative Thue equation
in P,Q overM . The right hand sides are known, therefore using the method of [19] all solutions
P,Q can be determined. This enables us to determine X10, X20, X30 using their representation
(29) as quadratic forms in P,Q. This means that we obtain Xi up to a unit factor:
Xi = ε
h Xi0 (1 ≤ i ≤ 3). (31)
Finally, we have to determine the exponent h of εh and y0 of X0 = x0 + ωy0. To do this we
proceed similarly as in Section 4. (31) implies
xi = ±ε
hωXi0 − εhωXi0
ω − ω ,
yi = ±ε
hXi0 − εhXi0
ω − ω , (32)
for i = 1, 2, 3, where overline denotes the conjugate of an element of M .
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We consider
IK/L(α) = 1, JL,M(α) = 1,
that is
IK/L(X) = IK/L(x1, x2, x3, y0, y1, y2, y3) = d
4,
JL,M(X) = JL,M(x1, x2, x3, y0, y1, y2, y3) = d
12. (33)
Set e = εh. If we substitute the expressions (32) of xi, yi (1 ≤ i ≤ 3) into the above equations
and we multiply them by e4 and e12, respectively, then we obtain polynomial equations in e, y0:
F2(e, y0) = 0, F3(e, y0) = 0. (34)
Here F2 is of degree 8 in e and of degree 4 in y0, F3 is of degree 24 in e and of degree 12 in y0.
Let F4(y0) be the resultant of F2 and F3 with respect to e. This is a polynomial equation in
y0 with rational coefficients of degree 192. It is easy to find the integer roots y0 of F4(y0) = 0.
For a given y0 we calculate the real roots of
F2(e, y0) = 0
in e and for all real roots e = γ we check if
ln(|γ|)
ln ε
is an integer. If so, then this value is a candidate for h. We obtain x1, y1, x2, y2, x3, y3 from (32).
We have to check if α of (23) is an algebraic integer with some x0 ∈ Z and if it has I(α) = 1.
7 Composites of totally complex quartic fields
with real quadratic fields
According to [15] (see also [7], [11]) the resolution of index form equations in totally complex
quartic fields can be made easier by using the fact that in that case there is a λ such that the
linear combination Q1 + λQ2 of the quadratic forms Q1, Q2, analogous to those in Lemma 3, is
positive definite. Here we extend this property to our relative case.
Similarly as above let f(x) = x4 + a1x
3 + a2x
2 + a3x+ a4 ∈ Z[x] be the defining polynomial
of ξ, having four complex roots. Let F (u, v), Q1(x1, x2, x3) and Q1(x1, x2, x3) be the same as in
Lemma 3.
By the results of [15], F (u, 1) has three real roots λ1 < λ2 < λ3. If −λ2 < λ < −λ1, then
Q1(x1, x2, x3) + λQ2(x1, x2, x3) is a positive definite quadratic form.
In the relative case we have:
Lemma 4 Let λ1, λ2, λ3 be the (real) roots of F (u, 1) and let −λ2 < λ < −λ1. Set Xj =
xj + ωyj (1 ≤ j ≤ 3). Then Q1(X1, X2, X3) + λQ2(X1, X2, X3) can be written in the form
S(x1, x2, x3, y1, y2, y3) +
√
d · T (x1, x2, x3, y1, y2, y3)
where S, T are quadratic forms with rational coefficients and S is positive definite.
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Proof
Let
Q(x1, x2, x3) =
2∑
i=1
2∑
j=1
aijxixj
be any quadratic form with integer coefficients.
First consider the case when ω =
√
d.
If we substitute Xi = xi +
√
dyi, then
Q(X1, X2, X3) =
2∑
i=1
2∑
j=1
aij(xi +
√
dyi)(xj +
√
dyj)
=
2∑
i=1
2∑
j=1
aijxixj + d
2∑
i=1
2∑
j=1
aijyiyj +
√
d
2∑
i=1
2∑
j=1
aij(xiyj + yixj)
= Q(x1, x2, x3) + dQ(y1, y2, y3) +
√
d
2∑
i=1
2∑
j=1
aij(xiyj + yixj)
Therefore
Q1(X1, X2, X3) + λQ2(X1, X2, X3)
= Q1(x1, x2, x3) + λQ2(x1, x2, x3) + d[Q1(y1, y2, y3) + λQ2(y1, y2, y3)]
+
√
d · T (x1, x2, x3, y1, y2, y3),
where T is a quadratic form with integer coefficients. By [15], Q1(x1, x2, x3) + λQ2(x1, x2, x3)
and Q1(y1, y2, y3)+λQ2(y1, y2, y3) are positive definite, which implies that S(x1, x2, x3, y1, y2, y3)
is positive definite, since d > 0.
Let now ω = (1 +
√
d)/2.
If we substitute Xi = xi + yi(1 +
√
d)/2, then
Q(X1, X2, X3) =
1
4
Q(2x1 + y1 +
√
dy1, 2x2 + y2 +
√
dy2, 2x3 + y3 +
√
dy3)
=
1
4
Q(2x1+y1, 2x2+y2, 2x3+y3)+
1
4
dQ(y1, y2, y3)+
1
4
√
d
2∑
i=1
2∑
j=1
aij((2xi+yi)yj+yi(2xj+yj)).
We obtain
Q1(X1, X2, X3) + λQ2(X1, X2, X3)
=
1
4
[Q1(2x1 + y1, 2x2 + y2, 2x3 + y3) + λQ2(2x1 + y1, 2x2 + y2, 2x3 + y3)]
+
1
4
d [(Q1(y1, y2, y3) + λQ2(y1, y2, y3))]
+
√
d · T (x1, x2, x3, y1, y2, y3).
where T is a quadratic form with rational coefficients (4T has integer coefficients). By [15],
Q1(2x1+y1, 2x2+y2, 2x3+y3)+λQ2(2x1+y1, 2x2+y2, 2x3+y3) andQ1(y1, y2, y3)+λQ2(y1, y2, y3)
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are positive definite, which implies that S(x1, x2, x3, y1, y2, y3) is positive definite, since d > 0. 
If the above Lemma 4 is applicable (i.e. L is totally complex) then it makes our calculation
much easier. For given U0, V0 (cf. (27)) to find the corresponding X10, X20, X30 (see (28)) we
do not need to represent X10, X20, X30 as quadratic forms in certain parameters P,Q ∈ ZM (cf.
(29)) and then to solve the corresponding quartic relative Thue equations (30). We simply set
Q1(X10, X20, X30) + λQ2(X10, X20, X30) = (U0 + λV0)ε
r0
we take the
√
d-free parts of both sides and enumerate all possible components xi0, yi0 of
Xi0 = xi0 + ωyi0 (1 ≤ i ≤ 3). Having Xi0 (1 ≤ i ≤ 3) we proceed similarly as in Section 6
determining y0 and ε
h.
8 Example 2
Let M = Q(
√
2) with fundamental unit ε = (1 +
√
2). Set ω =
√
2. Let L = Q(ξ) where ξ has
minimal polynomial x4 + 2x2 + 2x+ 1. The composite field K = LM = Q(ξ,
√
2) is generated
by ϑ = ξ
√
2 with minimal polynomial x8 + 8x6 + 24x4 + 16. Considering the integral basis of
K we may represent all α ∈ ZK in the from
α =
x0 + x1ξ + x2ξ
2 + x3ξ
3 + y0ω + y1ωξ + y2ωξ
2 + y3ωξ
3
4
.
Our purpose is to determine all α ∈ ZK having index 1, that is, generating a power integral
basis.
We have
DM = 2
3, DL = 2
4 · 37, DK = 216 · 372.
By
DK = NM/Q(DK/M) ·D4M , DK = NL/Q(DK/L) ·D2L
we obtain
NM/Q(DK/M) = 2
4 · 372, NL/Q(DK/L) = 28.
The relative Thue equation (25) has the form
NM/Q(F (U, V )) = ±222.
with
F (U, V ) = U3 − 2U2V − 4UV 2 + 4V 3.
Let ρ be a root of F (x, 1). The element ϑ = ρ
√
2 has minimal polynomial x6−24x4+128x2−128.
Set H = Q(ρ
√
2). In ZH up to associates there is one element of norm 2
22:
γ = −8ρ.
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The fundamental units of the sextic field H are
η1 = ε = 1 +
4ϑ
2
− 5ϑ
3
8
+
ϑ5
32
,
η2 = −1 + ϑ
2
4
,
η3 = −1 + 3ϑ
2
− 5ϑ
3
8
+
ϑ5
32
,
η4 = 1− ϑ
2
,
η5 = 1 +
3ϑ
2
− 5ϑ
3
8
+
ϑ5
32
.
Solving the relative Thue equation (25) we represent β = U − ρV as
β = γηa22 η
a3
3 η
a4
4 η
a5
5
where the exponents a2, a3, a4, a5 are integers (cf. the corresponding remarks in Example 1).
Using Baker’s method we obtain
A = max(|a2|, |a3|, |a4|, |a5|) < 1033
which bound is reduced to A < 22. For all possible values of a2, a3, a4, a5 we calculated
γηa22 η
a3
3 η
a4
4 η
a5
5 . Taking conjugates of the equation
(u10 + ωu20)− ρ(v10 + ωv20) = γηa22 ηa33 ηa44 ηa55
we obtain a system of linear equations in u10, u20, v10, v20 which enables us to calculate the
solutions corresponding to γ, a2, a3, a4, a5. (Similarly to Example 1, this can also be done by
using only integer arithmetic.) Up to sign we obtained the following solutions:
(u10, u20, v10, v20) = (720, 0, 248, 0), (32, 16, 8, 8), (32,−16, 8,−8), (16, 0, 8, 0), (16, 0,−8, 0),
(0, 0, 8, 0), (16, 0, 8, 8), (64,−16, 40, 8), (16, 0, 8,−8), (64, 16, 40,−8), (32, 0, 40, 0).
The roots of F (u, 1) are approximately λ1 = −1.709, λ2 = 0.806 and λ3 = 2.903. A suitable
value of λ is λ = 0. For all the above possible U0 = u10 + ωu20, V0 = v10 + ωv20 we consider
Q1(X10, X20, X30) + λQ2(X10, X20, X30) = (U0 + λV0)ε
r0,
i.e.
Q1(X10, X20, X30) = U0ε
r0,
with r0 ∈ {0, 1}. We take the
√
2-free parts on both sides and using Lemma 4 we enumerate all
possible x10, x20, x30, y10, y20, y30. We set Xi0 = xi0+ωyi0 (1 ≤ i ≤ 3). By Xi = xi+ωyi = εhXi0
we obtain xi, yi in the representation (32).
We consider
IK/L(α) = 1, JL,M(α) = 1,
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that is
IK/L(x) = IK/L(x1, x2, x3, y0, y1, y2, y3) = 4
4, JL,M(x) = JL,M(x1, x2, x3, y0, y1, y2, y3) = 4
12.
The first of these equations is simple:
NL/Q(y0 + y1ξ + y2ξ
2 ++y3ξ
3) = ±26
of degree 4 in y0 (a factor 4 can be extracted from IK/L(x)) and the second equation is of degree
12 in y0. We set e = ε
h, substitute the representation (32) of x1, y1, x2, y2, x3, y3 into the above
equations and multiply them by e4 and e12, respectively. Then we obtain polynomial equations
F2(y0, e) = 0 and F3(y0, e) = 0. Calculating the resolvent of the above two equations with
respect to e we get a polynomial equation of degree 192 in y0. Finding the possible y0, and
calculating the corresponding e from F2(y0, e) = 0 and x1, y1, x2, y2, x3, y3 we obtain, that up
to equivalence there are two generators of power integral basis in K:
α =
2ω + 2ωξ2
4
,
4ω + 2ωξ + 2ωξ3
4
.
9 Computational aspects
The field data to our examples were calculated by using KANT [5] and Magma [3], all other
calculations were performed by Maple [4] on an average Windows 8 laptop with Intel Core
i5-4200U CPU having clock speed 1.3GHz and 4Gb RAM. The calculations took just a couple
of minutes. We especially took care (using high precision) at determining the real roots e of a
relatively high degree polynomial in the last part of our method.
Remark 1 These ideas can easily be extended to determining elements of given index (or
minimal index) in these types of number fields.
Remark 2 The method can be easily adopted to the case when instead of ZK we consider an
order of ZK .
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